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a b s t r a c t
In this article, we derive summation formulae for the Gould–Hopper generalized Hermite
polynomials gmn (x, y). Further, we derive the summation formulae for polynomials related
to gmn (x, y) as applications. Furthermore, we establish a summation formula forM-variable
generalized Hermite polynomials H(1,2,...,M)n (x1, x2, . . . , xM).
© 2011 Elsevier Ltd. All rights reserved.
1. Introduction and preliminaries
The special polynomials of more than one variable provide new means of analysis for the solutions of a wide class
of partial differential equations often encountered in physical problems. The importance of multi-variable Hermite
polynomials has been recognized [1–3] and these polynomials have been exploited to deal with quantum mechanical and
optical beam transport problems.
It happens very often that the solution of a given problem in physics or applied mathematics requires the evaluation of
infinite sums, involving special functions. Problems of this type arise, for example, in the computation of the higher-order
moments of a distribution or to evaluate transitionmatrix elements in quantummechanics. In Ref. [1], it has been shown that
the summation formulae of special functions, often encountered in applications ranging from electromagnetic processes to
combinatorics, can be written in terms of Hermite polynomials of more than one variable.
We recall that the Gould–Hopper generalized Hermite polynomials (G-HGHP) gmn (x, y) are defined as ([4], p. 58 (6.2))
gmn (x, y) = n!
[ nm ]−
r=0
xn−mryr
r!(n−mr)! , (1.1)
wherem is a positive integer. These polynomials are specified by the generating function
exp(xt + ytm) =
∞−
n=0
gmn (x, y)
tn
n! . (1.2)
The G-HGHP gmn (x, y) are the solutions of the generalized heat equation [5]
∂
∂y
f (x, y) = ∂
m
∂xm
f (x, y), f (x, 0) = xn. (1.3)
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In particular, we note that
g2n (x, y) = Hn(x, y), (1.4)
where Hn(x, y) denotes the two-variable Hermite–Kampé de Fériet polynomials (2-VHKdFP) [6], that can be defined by
means of the generating function
exp(xt + yt2) =
∞−
n=0
Hn(x, y)
tn
n! . (1.5)
Further, we note the following link:
gmn (υx,−1) = Hn,m,υ(x), (1.6)
where Hn,m,υ(x) denotes the generalized Hermite polynomials defined by Lahiri ([7], p. 117 (2.1)):
exp(υxt − tm) =
∞−
n=0
Hn,m,υ(x)
tn
n! . (1.7)
In view of Eqs. (1.2), (1.5) and (1.7), we note the following special cases:
g2n (2x,−1) = Hn(x), (1.8a)
Hn(2x,−1) = Hn(x) (1.8b)
and
Hn,2,2(x) = Hn(x), (1.8c)
where Hn(x) denotes the ordinary Hermite polynomials [8].
Many authors have investigated properties of the G-HGHP gmn (x, y); see for example [9,7,10]. Bell [11] introduced a class
of polynomials defined by the generating function
exp
 ∞−
s=1
xsts
s!

= 1+
∞−
n=1
Yn(x1, x2, . . . , xM , . . .)
tn
n! . (1.9)
The Bell polynomials occur in combinatorics, statistics and other fields and exhibit important properties. Next, we recall the
M-variable generalized Hermite polynomials (M-VGHP) H(1,2,...,M)n (x1, x2, . . . , xM) defined by the generating function ([3],
p. 602 (20)):
exp

M−
s=1
xsts

=
∞−
n=0
H(1,2,...,M)n ( x1, x2, . . . , xM)
tn
n! . (1.10)
It has been shown in Ref. [3], that the M-VGHP H(1,2,...,M)n (x1, x2, . . . , xM) belong to the class of Bell polynomials. Also, we
note that forM = 2, theM-VGHP H(1,2,...,M)n (x1, x2, . . . , xM) reduce to the 2-VHKdFP Hn(x, y).
Finally, in view of definitions (1.2), (1.7) and (1.10), we note that
H(1,2,...,m)n (x, 0, 0, . . . , 0, y) = gmn (x, y), (1.11a)
H(1,2,...,m)n (υx, 0, 0, . . . , 0,−1) = Hn,m,υ(x). (1.11b)
Motivated by the importance of two-variable forms of Hermite polynomials and due to their links with other generalized
Hermite polynomials, in this paper we establish summation formulae for the G-HGHP gmn (x, y). We use different analytical
means to derive these summation formulae. Also, we derive the summation formulae for polynomials related to the gmn (x, y)
as applications. Finally, we prove a summation formula for the M-VGHP H(1,2,...,M)n (x1, x2, . . . , xM) as a possible extension
of our method.
In Section 2, we derive summation formulae for the G-HGHP gmn (x, y). In Section 3, we consider applications of our main
results. In Section 4, concluding remarks are given.
2. Summation formulae for the Gould–Hopper generalized Hermite polynomials
First, we prove the following result involving the G-HGHP gmn (x, y):
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Theorem 2.1. The following summation formula for the G-HGHP gmn (x, y) holds true:
gmk+l(w, y) =
k,l−
n,r=0

k
n

l
r

(w − x)n+r gmk+l−n−r(x, y). (2.1)
Proof. Replacing t by u+ t in Eq. (1.2) and then using the formula ([10], p. 52 (2))
∞−
n=0
f (n)
(x+ y)n
n! =
∞−
n,m=0
f (n+m)x
n
n!
ym
m! , (2.2)
in the resultant equation, we find the following generating function for the G-HGHP gmn (x, y):
exp(x(t + u)+ y (t + u)m) =
∞−
k,l=0
tkul
k! l! g
m
k+l(x, y),
which can be written as
exp(y (t + u)m) = exp(−x(t + u))
∞−
k,l=0
tk ul
k! l! g
m
k+l(x, y). (2.3)
Replacing x byw in the above equation and equating the resultant equation to the above equation, we find
∞−
k,l=0
tkul
k! l! g
m
k+l(w, y) = exp((w − x)(t + u))
∞−
k,l=0
tkul
k! l! g
m
k+l(x, y)
or
∞−
k,l=0
tk ul
k! l! g
m
k+l(w, y) =
∞−
n=0
(w − x)n(t + u)n
n!
∞−
k,l=0
tk ul
k! l! g
m
k+l(x, y), (2.4)
which on using formula (2.2) in the first summation on the r.h.s. becomes
∞−
k,l=0
tk ul
k! l! g
m
k+l(w, y) =
∞−
n,r=0
(w − x)n+r tnur
n! r!
∞−
k,l=0
tkul
k! l! g
m
k+l(x, y). (2.5)
Now, replacing k by k− n, l by l− r and using the lemma ([10], p. 100 (1))
∞−
k=0
∞−
n=0
A(n, k) =
∞−
k=0
k−
n=0
A(n, k− n), (2.6)
in the r.h.s. of Eq. (2.5), we find
∞−
k,l=0
tkul
k! l! g
m
k+l(w, y) =
∞−
k,l=0
k,l−
n,r=0
(w − x)n+r tkul
n! r! (k− n)! (l− r)!g
m
k+l−n−r(x, y). (2.7)
Finally, on equating the coefficients of like powers of t and u in Eq. (2.7), we get the assertion (2.1) of Theorem 2.1. 
Remark 2.1. Taking l = 0 in assertion (2.1) of Theorem 2.1, we deduce the following consequence of Theorem 2.1.
Corollary 2.1. The following summation formula for the G-HGHP gmn (x, y) holds true:
gmk (w, y) =
k−
n=0

k
n

(w − x)n gmk−n(x, y). (2.8)
Remark 2.2. Replacingw byw + x in Eq. (2.8), we obtain
gmk (w + x, y) =
k−
n=0

k
n

(w)k−n gmn (x, y). (2.9)
Further, we prove the following result involving products of the G-HGHP gmn (x, y):
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Theorem 2.2. The following summation formula involving products of the G-HGHP gmn (x, y) holds true: x
w
r  X
W
s
r! s! g
m
r (w, y)g
m
s (W , y) =
[ rm ]−
k=0
[ sm ]−
l=0
(y)k+l
 x
w
m − 1k  XW m − 1l
k! l! (r −mk)! (s−ml)! g
m
r−mk(x, y)g
m
s−ml(X, y). (2.10)
Proof. Consider the product of G-HGHP generating functions (1.2) in the following form:
exp(−(xt + XT − y(−t)m − y(−T )m)) =
∞−
r,s=0
(−1)r+st rT s
r! s! g
m
r (x, y)g
m
s (X, y), (2.11)
which on replacing t bywz and T byWZ becomes
exp
− xwz + XWZ − y(−wz)m − y(−WZ)m = ∞−
r,s=0
(−1)r+s(wz)r(WZ)s
r! s! g
m
r (x, y)g
m
s (X, y). (2.12)
Next, replacing x byw,w by x, X byW andW by X in Eq. (2.12) and equating the resultant equation to Eq. (2.12), we find
after expanding the exponentials in series
∞−
r,s=0
(−1)r+s(xz)r(XZ)s
r! s! g
m
r (w, y)g
m
s (W , y) =
∞−
r,k=0
(−1)r(xm − wm)kyk(−z)mk(wz)r
r! k!
× gmr (x, y)
∞−
s,l=0
(−1)s(Xm −Wm)lyl(−Z)ml(WZ)s
s! l! g
m
s (X, y). (2.13)
Finally, replacing r by r −mk, s by s−ml and using the lemma ([10], p. 101 (5))
∞−
n=0
∞−
k=0
A(k, n) =
∞−
n=0
[ nm ]−
k=0
A(k, n−mk), (2.14)
in the r.h.s. of Eq. (2.13) and then equating the coefficients of like powers of z and Z , we get formula (2.10). 
3. Applications
I. Takingm = 2 in Eqs. (2.1), (2.8) and (2.9) and using Eq. (1.4), we get the following summation formulae for the 2-VHKdFP
Hn(x, y):
Hk+l(w, y) =
k,l−
n,r=0

k
n

l
r

(w − x)n+rHk+l−n−r(x, y), (3.1)
Hk(w, y) =
k−
n=0

k
n

(w − x)nHk−n(x, y), (3.2)
Hk(w + x, y) =
k−
n=0

k
n

(w)k−nHn(x, y), (3.3)
respectively.
Again, takingm = 2 in Eq. (2.10) and using Eq. (1.4), we get the following summation formula involving products of the
2-VHKdFP Hn(x, y): x
w
r  X
W
s
r! s! Hr(w, y)Hs(W , y) =
[ r2 ]−
k=0
[ s2 ]−
l=0
(y)k+l

( x
w
)2 − 1k ( XW )2 − 1l
k! l! (r − 2k)! (s− 2l)! Hr−2k(x, y)Hs−2l(X, y). (3.4)
II. Taking y = −1 and replacing x by υx, w by υ w in Eqs. (2.1), (2.8) and (2.9) and using Eq. (1.6), we get the following
summation formulae for the generalized Hermite polynomials Hn,m,υ(x):
Hk+l,m,υ(w) =
k,l−
n,r=0

k
n

l
r

(υ(w − x))n+r Hk+l−n−r,m,υ(x), (3.5)
Hk,m,υ(w) =
k−
n=0

k
n

(υ(w − x))n Hk−n,m,υ(x) (3.6)
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and
Hk,m,υ(w + x) =
k−
n=0

k
n

(υw)k−nHn,m,υ(x), (3.7)
respectively. Also, replacing x by υx,w by υw, X by υX andW by υW in Eq. (2.10) and using Eq. (1.6), we get the following
summation formula involving products of the generalized Hermite polynomials Hn,m,υ(x): x
w
r  X
W
s
r! s! Hr,m,υ(w)Hs,m,υ(W ) =
[ rm ]−
k=0
[ sm ]−
l=0

1−  x
w
mk 1−  XW ml
k! l! (r −mk)! (s−ml)! Hr−mk,m,υ(x)Hs−ml,m,υ(X). (3.8)
III. Replacing x by 2x, w by 2w and taking y = −1 in Eqs. (3.1)–(3.3) and using Eq. (1.8b), we obtain the recently derived
summation formulae ([12], (2.1), (2.7) and (2.8) (pp. 411–412)).
Further, replacing x by 2x,w by 2w, X by 2X andW by 2W and taking y = −1 in Eq. (3.4), we obtain a recent result ([12],
(2.20) (p. 413)).
4. Concluding remarks
In Section 2, we have derived the summation formulae for the G-HGHP gmn (x, y) by using different analytical means on
their respective generating functions.We remark that this process can be extended to establish certain summation formulae
for theM-VGHP H(1,2,...,M)n (x1, x2, . . . , xM).
To give an example, we replace t by u+ t in Eq. (1.10) and then use formula (2.2) in the resultant equation to obtain
exp(xM(t + u)M) = exp

−
M−1−
j=1
xj(t + u)j

×
∞−
k,l=0
tkul
k! l!H
(1,2,...,M−1,M)
k+l (x1, x2, . . . , xM−1, xM).
Again, replacing xj by wj for j = 1, 2, . . . ,M − 1 in the above equation and equating the resultant equation to the above
equation, we find
∞−
k,l=0
tkul
k! l!H
(1,2,...,M−1,M)
k+l (w1, w2, . . . , wM−1, xM) =
M−1∏
j=1
exp((wj − xj)(t + u)j)
×
∞−
k,l=0
tkul
k! l!H
(1,2,...,M−1,M)
k+l (x1, x2, . . . , xM−1, xM),
which on expanding the exponentials in their series, becomes
∞−
k,l=0
tkul
k! l!H
(1,2,...,M−1,M)
k+l (w1, w2, . . . , wM−1, xM) =
M−1∏
j=1
∞−
nj=0
(wj − xj)nj(t + u)jnj
nj!
×
∞−
k,l=0
tkul
k! l!H
(1,2,...,M−1,M)
k+l (x1, x2, . . . , xM−1, xM).
Using Eq. (2.2) in both sides of the above equation, we find
∞−
k=0
(t + u)k
k! H
(1,2,...,M−1,M)
k (w1, w2, . . . , wM−1, xM)
=
∞−
k=0
M−1∏
j=1
∞−
nj=0
(wj − xj)nj(t + u)k+jnj
nj! k! H
(1,2,...,M−1,M)
k (x1, x2, . . . , xM−1, xM). (4.1)
Now replacing k by k−∑M−1j=1 jnj and using the lemma ([10], p. 102 (16))
∞−
k=0
∞−
n1,n2,...,nr=0
Θ (n1, n2, . . . , nr; k)
=
∞−
k=0
m1n1+m2n2+···+mrnr≤k−
n1,n2,...,nr=0
Θ (n1, n2, . . . , nr : k−m1n1 −m2n2 − · · · −mrnr)
(for positive integersm1,m2, . . . ,mr (r ≥ 1)), (4.2)
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in the r.h.s. of Eq. (4.1), we find
∞−
k=0
(t + u)k
k! H
(1,2,...,M−1,M)
k (w1, w2, . . . , wM−1, xM)
=
∞−
k=0
n1+2n2+···+(M−1) nM−1≤k−
n1,n2,...,nM−1=0
(w1 − x1)n1(w2 − x2)n2 . . . (wM−1 − xM−1)nM−1(t + u)k
n1! n2! . . . nM−1! (k− n1 − 2n2 − · · · − (M − 1)nM−1)!
×H(1,2,...,M−1,M)k−n1−2n2−···−(M−1)nM−1(x1, x2, . . . , xM−1, xM).
Finally, on equating the coefficients of like powers of (t+u) in the above equation, we get the following summation formula
for theM-VGHP H(1,2,...,M)n (x1, x2, . . . , xM):
H(1,2,...,M−1,M)k (w1, w2, . . . , wM−1, xM)
=
n1+2n2+···+(M−1)nM−1≤k−
n1,n2,...,nM−1=0
(w1 − x1)n1(w2 − x2)n2 . . . (wM−1 − xM−1)nM−1 k!
n1! n2! . . . nM−1! (k− n1 − 2n2 − · · · − (M − 1)nM−1)!
×H(1,2,...,M−1,M)k−n1−2n2−···−(M−1)nM−1(x1, x2, . . . , xM−1, xM). (4.3)
The above summation formula can be viewed as a multi-variable extension of summation formula (3.2) for the 2-VHKdFP
Hn(x, y). It is important to note that our main results for the G-HGHP gmn (x, y) cannot be deduced as special cases of the
above formula. Exploring the possibility of using the method outlined here to derive the summation formulae for other
special polynomials is a further research problem.
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